Introduction
Electromagnetic devices (EMDs) are widely used in industry applications. The accurate knowledge of the magnetic material characteristic of the EMD is an essential aspect for the precise design and analysis of such applications. The magnetic material characteristic of an EMD, before fabricating it, is classically determined by means of Epstein frame or single sheet tester on a separate sheet of the same material as the EMD ( Jiles, 1991) . However, the magnetic material properties are changed dramatically after manufacturing process (Belahcen and Arkkio, 2008) . So, performing the traditional measurements techniques on a separate sheet of the same material as the EMD, which are mostly not available, are not useful. Therefore, it is convenient to characterize the magnetic properties on the specific geometry of the EMD itself. This can be done using simultaneous local magnetic field-induction measurements, at a same position. However, the non-uniform electromagnetic field patterns make this task much more difficult . So that an inverse approach needs to be solved where the measured signals are interpreted through the use of a numerical model (Ioan and Rebican, 2002) . It has been proposed in such inverse approaches that the material properties can be reconstructed starting from local magnetic measurements in conjunction with a numerical model of the EMD, by iteratively minimizing the error between the measured and simulated quantities .
However, a key question that arises in solving such inverse problems is what the optimal experimental design is (where to place the sensors, i.e. needles), so that the errors in the recovered magnetic properties are limited as much as possible since the measurements contain noise. In addition, the numerical model contains geometrical parameter values uncertainties, which may affect the accuracy of the inverse problem. The above question can be answered by solving the inverse problem several times for different needles positions; however, this is time consuming. So, determining a priori the optimal needles position is an important preliminary task in order to enhance the accuracy and to reduce the computational time of the inverse problem.
The research presented in this paper aims at finding a priori the optimal needles placement for the most accurate identification of the magnetic properties of an EMD. Moreover, the effect of the uncertainties in the geometrical parameter values of the EMD on the optimal sensor position is introduced. Finally, the presented results are compared with a first-order sensitivity analysis (FOSA).
Methodology
The behavior of a magnetic system can be represented by a mathematical model with a set of partial differential equations. This model is parameterized by the following model parameters: the unknown parameters u [ R p£1 and the known parameters b [ R q£1 . The values of the parameters b are assumed uncertain. In order to estimate the unknown parameters u, an inverse problem has to be solved by iteratively minimizing the sum of the quadratic residuals between the experimental observations of the magnetic system W [ R K£1 and the modeled ones F [ R K£1 , with K being the total number of discrete experimental observations. In other words, the functional G(u) needs to be minimized with G given as:
The resolution of the inverse procedure highly depends on both measurements and modeling accuracy. G can depend on the definition of the inverse problem, i.e. objective function to be minimized. This is due to measurement noise and available uncertainties in the forward model parameter values. Below, two uncertainty analysis techniques are introduced; stochastic, which is based on a Cramér-Rao bound (CRB) method (Sections 2.1 and 2.2), and a deterministic technique, which is based on the FOSA (Section 2.3).
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Traditional CRB method
In the traditional CRB method, it is assumed that the modeling is error free and that the identification procedure is only affected by the errors in the measurements (Stoica and Nehorai, 1989) . We assume here that the measurements error "noise" n is random, uncorrelated and Gaussian white distributed with zero mean and variance of s 2 n . We propose the use of the CRB method for quantifying the possible errors on the identified unknown parameters u. CRB is widely used in many engineering applications; biomedical engineering applications (Radich and Buckley, 1995) , and signal analysis applications (Stoica and Nehorai, 1989) . The traditional CRB method calculates the lower bound on the variance of any unbiased estimator b ¼ bu; s 2 n c. According to the Cramér-Rao theorem (Strang, 1986) , the variance of unknown parameters has a lower bound of F 2 1 where F is the p £ p Fisher information matrix with p being the dimension of the unknown parameter vector. If the signal noise is not a function of the unknown parameter u, then the elements of F can be expressed by (Alifanov et al., 1995) :
If the variance of the measurements s 2 n is the same for all experimental observations K,
The lower bound for the p variances of the unknown parameters is given by (Stoica and Nehorai, 1989) :
F
2 1 expresses the lower bound for the covariance matrix of the unknown parameters where the variances of each unknown parameter can be deduced as the diagonal elements of F 2 1 .
Stochastic Cramér-Rao bound method
Besides the recovery errors due to measurements errors elaborated in Section 2.1, errors are also introduced by the modeling. Specifically, the accuracy of the modeled response depends upon the numerical algorithm and the degree of approximation used, which can be mitigated by using very fine discretizations. In addition to these errors, the modeled response also exhibits variations which are due to the uncertainties in the known parameters b used in these model calculations.
The traditional CRB method can be extended when dealing with stochastic uncertain model parameters b (Emery et al., 2000) with estimator c ¼ u; s Emery et al. (2000) , the extended Fisher information matrix, M, can then be approximated by:
A comparison of equations (2) and (4) suggests that V k can be considered as the equivalent noise (Emery and Nenarokomovz, 1998) : 
In other words, M 2 1 expresses the lower bound for the covariance matrix of the unknown parameters.
Notice that for simplicity, we elaborated the theory for scalar F k , S k and G in equations (2) and (4). This can be easily rewritten for vectors (Emery et al., 2000) .
First-order sensitivity analysis
The actual measurements W can be expressed as:
with error vector e. A possible difference between the simulated signals F(u * ) with the actual model parameters u * and the measured signals W can be because of the following two reasons:
with e n being the error due to noise and e m being the error due to modeling uncertainties. Due to these errors,ũ -u* withũ being the recovered parameter values when minimizing the cost function (1).
We apply a first-order perturbation methodology (von Ellenrieder et al., 2006) for determining the error that occurs due to e m or due to the uncertainties. We can incorporate in the computations the uncertainty parameters and the certain parameters: Y(b, u), which extends F(u). If we assume no noise then:
with b * and u * being the actual parameter values. In the followingb andũ are, respectively, the assumed value b and the recovered value when minimizing (1) . Between these parameters a perturbation can be considered: b* ¼b þ Db, u* ¼ũ þ Du. Equation (8) can then be rewritten as:
Taylor expansion of the above equation to the first order yields:
where we neglect the higher order terms (
, etc. Due to the fact that when the assumedb is used,ũ is obtained, we have that:
W ø Yðb;ũÞ ð 11Þ or using equation (10):
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We have thus that:
3. Application 3.1 Studied geometry and material modeling Figure 1 (a) shows the profile of the studied geometry. It is an EI core with one "middle" air gap in the middle limb (g 1 ), and two "outer" air gaps (g 2 ) between E and I yokes. The excitation coil is wound over the middle limb of the E core with 356 excitation winding turns. In this paper, we assume that the dimensions of the EI core inductor are precisely known, except the values of the two air gap thicknesses g 1 and g 2 , which are assumed uncertain. The single-valued non-linear constitutive relation of the magnetic material of the EI core inductor is modeled here by means of three parameters (
Experimental set-up and objective function formulation
The local magnetic measurements are carried out at low frequency, e.g. 5 Hz, by means of the needle probe method (NPM), at fixed limited positions P 1 , P 2 , . . . , P 5 on the EI core inductor (Figure 1(a) ). The NPM is based on the fact that when a time dependent flux is enforced in a steel sheet, eddy currents are introduced, resulting in potential differences measured by the needles. Although the NPM is an efficient technique for measuring the magnetic used needles connection
Notes: At P 1 -P 5 , the local magnetic induction measurements are carried out using the needle probes, the distance between the two needles is 5 mm; g 1 and g 2 are the middle and the outer air gap thicknesses, respectively; dimensions are in mm; (b) the needles positioning of the used modified needle connection induction, it encounters numerous errors, such as errors due to vertical field components, and its sensitivity to noise interference (Pfutzner and Krismanic, 2004) . Due to the error introduced by the non-homogeneous air fields, the authors have presented a modified NPM , based on an anti-series connection of two sets of two needles. The extra two needles are used to compensate the air flux. Figure 1(b) shows the connection of the proposed modified needle probe, which consists of four needles; the output signal of the basic two needles "V x " is proportional to the flux through the sample and the air fluxes as well (V 12 , B material þ B air ) . The two extra needles should be located as close as possible to the basic needles, and it should be short circuited directly above the sample surface. Notice that needles 3 and 4 do not make contact with the material. So, the output signal of the extra two needles "V x " is approximately proportional to the stray fields only (V 12 , B air ). Due to the anti-series connection, the air fluxes have been eliminated from the output signal (V total ¼ V 12 2 V 34 , B material ). In this way, the error term e in equation (6) is decreased.
Thus, the measurements consist of local magnetic induction measurements through the use of the NPM, at different sinusoidal excitation currents with amplitude i k with k ¼ 1, . . . , K ¼ 40. The objective function is defined as:
with B m (i k ) being the measured peak magnetic induction value of the kth excitation current and B s (i k , u) being the corresponding simulated local flux densities using a numerical model. The numerical model is a high fidelity three-dimensional finite element (FE) model . This three-dimensional static magnetic simulation is justified since we perform the measurements and computations at a frequency sufficiently low, e.g. 5 Hz, such that in practice for the measurements the local peak value of the flux density is the same throughout the cross-section of the laminated material (Bottauscio et al., 2003) . This objective function needs to be minimized iteratively using a minimization scheme. Here we use the traditional non-linear least square minimization technique .
A numerical study
In order to estimate a priori the optimum needle placement for the most accurate magnetic material properties reconstruction, we propose "reasonable" (in the range of realistic values) fictitious material parameter values. The effect of choosing such value is shown below. The numerical experiments are carried out in the sense that the "numerical measurements" quantities (B m ) are "modeled" as the output of the numerical FE direct model that has as input the following fictitious single-valued characteristics u fic ¼ [100, 1.1, 8] . The output is furthermore corrupted by Gaussian noise with zero mean and a standard deviation of s n , assumed as s n ¼ 0.025. These "numerical" local magnetic induction measurements are carried out at the five different positions P 1 -P 5 , shown in Figure 1 
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Due to the non-linearity of the magnetic material characteristics, the estimated variance of each parameter s 2 u;M (equation 5), has to be incorporated into the constitutive relation (14) in order to represent the actual estimated deviation (ED).
For simplicity, the ED is assumed to be as a vector containing the deviation of the initial and saturation relative magnetic permeability of the material with respect to the actual one, i.e. fictitious value:
ED ¼ bDm r;initial ; Dm r;sat c £ 100% where B sat is here the technical saturation magnetic induction of the material (B sat ¼ 1.5 T), ED is the percentage deviation in the recovered material characteristics. The numerical study results presented in this section are divided into three categories; the effect of the uncertainty in g 1 only, the effect of the uncertainty in g 2 only, and the combined effect of both uncertainties and the measurement noise.
Table I(a) shows the ED based on the stochastic Cramér-Rao bound method (sCRB) due to the uncertainty in g 1 only (s g 1 ¼ 0.025). From the results shown in Table I (a), it is clear that the nearest position to the g 1 results in the highest expected recovery error (in italics). The expected recovery error is the highest at P 1 , because the highest stray fields and fringing effects are existing at that position. This expected recovery error decreases with increasing distance of the observing point with respect to g 1 .
Table I(b) shows the ED based on the sCRB due to the uncertainty in g 2 only (s g 2 ¼ 0.025). The results shown in Table I (b) can be explained similarly: the nearest positions to g 2 , i.e. P 1 -P 3 , are highly influenced by the uncertainty in g 2 due to the presence of the stray field and fringing effects, compared to P 4 and P 5 , where the stray field is less and hence the uncertainty in the recovered parameters is small. Table I(c) shows the combined effect of both uncertainties in g 1 , g 2 and measurement noise. It is worth mentioning that the negative sign, in Table I , means that the recovered properties are lower than the original parameters. However, positive sign means that the recovered properties are higher than the original parameters.
From Table I , it can be observed that the accuracy of the inverse problem highly depends on the needles positions due to the uncertainty in model parameters only; the lower the stray field (P 5 ), the higher the accuracy of the inverse approach. On the other hand, the higher the stray field "in the vicinity of the air gap (P 1 -P 3 )" the lower the inverse approach accuracy. Moreover, the ED due to uncertainty in g 2 is higher than that due to uncertainty in g 1 , which means that the g 2 is the most critical geometrical model parameter.
Due to the dependence of the ED on the value of the material parameters, we tested other "reasonable" fictitious values u fic . Similar trends are observed (Table II) . Although the amplitude value of the ED depends on the material parameter values u, the optimum needles position is almost the same for the different material characteristics, which confirms the applicability of the proposed methodology as a priori uncertainty estimation procedure.
Numerical validation of the stochastic proposed methodology
Monte Carlo (MC) simulations for stochastic uncertainty analysis are commonly used and are highly accurate, which are commonly used to validate the CRB method COMPEL 31,3
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Downloaded by UNIVERSITEIT GENT At 03:51 22 October 2014 (PT) and can hence be used to validate the sCRB results as well (Mosher et al., 1993) . They are however very time consuming especially when dealing with a high fidelity numerical model, i.e. three-dimensional FEM, where computing one direct model evaluations is very time demanding. According to the MC theory, very large inverse three-dimensional FEM computations, i.e. 1,000-10,000, need to be solved to ensure a correct comparison, that require an unbearable CPU storage memory and time.
Instead of the "very time-demanding" MC simulation, we proposed in Section 2.3 a simple but efficient technique based on a perturbation theory. This proposed technique, a FOSA, is used here to compare and validate "numerically" the results obtained using the sCRB. Table III shows the comparison between the ED for uncertainty in model parameter values (g 1 and g 2 ) only, at the five positions. A good "qualitative" correspondence between the results obtained using the sCRB and FOSA is observed. For g 1 and g 2 , the maximum and minimum sCRB occurred at the maximum and minimum FOSA, respectively, i.e. (P 1 and P 5 in case of uncertainty in g 1 ) and (P 3 and P 5 in case of uncertainty in g 2 ).
A large discrepancy between values is observed. This is because the sCRB gives the lower bound of the error. However, the aim of this research is not give the correct quantitative error values. Rather, the aim is to estimate the optimal experimental design for the magnetic material identification using the needle probes. We have noticed that same positions are observed for sCRB and FOSA, see italic numbers in Table III . Figure 2 shows the recovered B-H characteristics based on the minimum ED and maximum ED using the sCRB method, due to the uncertainty in g 1 and g 2 . It is clear that the initial relative magnetic permeability values of all the recovered characteristics are decreased, which consists with the negative sign of Dm r,initial in Table III . Also, it is clear that the saturation induction level values are increased, which consists with the positive sign of Dm r, sat in Table III , especially for uncertainty in g 2 .
It is worth mentioning that the comparison using FOSA is sufficient, since the sCRB gives a lower bound of the error and is an approximation of the error propagation. However, if one wants to determine the material properties in a more accurate way, then stochastic FE method would be a proper means since they are able to quantify the error propagations (Clénet and Ida, 2009 ).
Conclusion
The optimal experimental design (optimal needles position) for identifying the magnetic material properties of an EMD, by solving an inverse problem starting from the local induction measurements, is presented. The presented methodology uses the sCRB method as an optimal criterion. Moreover, the effect of the measurement noise and uncertainties for two geometrical model parameters on the accuracy of the recovered material parameters is introduced. Furthermore, the proposed stochastic methodology is validated and compared numerically using a deterministic technique based on a FOSA. From the results presented in this study, it is obvious that the better prediction of the material characteristics is obtained when the measurements are carried out at positions with less stray fields. 
